Abstract. We propose an algorithm for computational upscaling of flow with inertia from porescale (microscale) to Darcy scale (lab scale, mesoscale). In particular, we solve Navier-Stokes equations in complex pore geometries and average their solutions to derive properties of flow relevant at lab scale in non-Darcy model of flow. Convergence and stability of the algorithm are discussed.
els, i.e., traditional discretizations of Navier-Stokes equations applicable at porescale, and ii) an upscaling algorithm from porescale to mesoscale. We investigate conditions under which the combination of i) and ii) can be used efficiently to deliver reliable quantitative information at mesoscale.
Specifically, at porescale, we consider stationary incompressible viscous flow in laminar flow regime, characterized by Reynolds number Re not exceeding 10. At mesoscale we use a nonlinear non-Darcy model.
The main difficulties of the project are the following. First, standard discretization techniques for Navier-Stokes equations are well studied but their use in complex geometries requires fine grids and is, in general, nontrivial. Second, calculating average quantities from computational data is only superficially straightforward since the stability of results with respect to grids and algorithms over a large range of Reynolds numbers must be ensured.
Following initial success reported in [1] , we address convergence and stability of the proposed algorithms with respect to computational grids at porescale and mesoscale in general anisotropic geometries. To our knowledge, this is the first such result in the literature. Related work in [10, 11, 12, 13] addressed the qualitative character of inertia at porescale without deriving upscaled models.
The paper is outlined as follows. In Sections 2 and 3 we describe the relevant physical models and computational techniques including upscaling to a full tensor. In Section 4 we present results on convergence and stability, and we close with conclusions in Section 5.
Mathematical models.
Let Ω be an open bounded domain occupied by porous medium and the fluid within. For simplicity we consider Ω ⊂ R 2 ; results for 2.1 Flow at porescale 2.1. Flow at porescale. We consider an incompressible Newtonian fluid of velocity u and pressure p flowing in Ω F . The fluid's viscosity is denoted by µ and the density by ρ. The flow is driven primarily by external boundary conditions, such as in a lab core. We prescribe inflow velocity at Γ in whose maximum is denoted by u in and whose shape is parabolic between the walls. On Γ out we impose a numerical outflow condition [14] . On internal boundaries Γ we impose the no-slip condition u = 0.
Recall the definition of Re = |u|d µ where d is a characteristic length in the domain of the flow, e.g., width of a channel or the diameter of porous grains. In our computational experiments we use µ, ρ reflecting properties of water in standard conditions in a lab. The values of d, |u|, ρ, µ are such that Re < 10; the magnitude of u and hence of Re is associated with the values of u in . We recall that for flow in porous media the linear laminar flow regime corresponds to Re < 1, the nonlinear regime is for 1 ≤ Re < 10, and that turbulence may occur for Re ≥ 10 [15, 16] ; however, turbulence rarely occurs in porous media. For simplicity in the presentation below we set ρ ≡ 1. See Appendix for data and units.
At microscale (porescale), for steady-state flow, in the absence of forces and mass source/sink terms, the momentum and mass conservation in Eulerian frame are expressed by Navier-Stokes equations and continuity equation [17] . After rescaling variables with ρ, µ, we have
An alternative formulation in terms of the vorticity vector ω = ∇ × u and the (scalar) stream function ψ defined by u = ∇ × ψ and its use for computational upscaling was considered in [1] .
For small Re, the nonlinear convective, i.e., inertia terms associated with u· are dropped from (2.2) and we have the (linear) Stokes approximation −µ △ u = −∇p, which is a valid approximation when viscous effects dominate in the flow.
Flow at Darcy scale.
At Darcy (lab/mesoscale) the boundaries between Ω F and Ω R are not recognized. Instead, one considers an average flow in Ω characterized by average pressure P and velocity (flux) U. Mass conservation holds ∇ · U = 0.
The flow in Ω is driven by boundary conditions which average external porescale boundary conditions. Darcy's law is a linear momentum equation at mesoscale
where the values of a symmetric permeability tensor K 2 are measured experimentally [16] . In general, [18] .
For large flow rates, in the nonlinear laminar regime with significant inertia, nonDarcy model which extends (2.3) reads
In 1D, the Forchheimer model K −1 (U ) := K −1 + β|U | was first proposed in [19] ;
it was extended to multidimensional isotropic media [20, 16, 15, 21] and is used in petroleum industry around wells [22] in the form
The form of nonlinear map K for general anisotropic 2D and 3D media has been the subject of theoretical research [23, 24, 25, 26, 27, 28] ; there exist controversies and 2 a different model including viscosity explicitly is K −1 µ = −∇P 2.3 Mathematical upscaling from micro-to mesoscale 5 inconsistencies as concerns the form and measurements of K.
2.3.
Mathematical upscaling from micro-to mesoscale. In order to upscale, i.e., to compute coefficients of a model at a higher scale, there are in general two methodologies that apply. The homogenization theory gives elegant theorems on convergence of the averages of microscale quantities to the appropriate mesoscale quantities when the size of periodic cell goes to 0, but it requires periodic geometry.
The second, volume averaging, does not restrict geometry and proposes that the averaged quantities are reasonably stable if the averaging region (REV ≡ Representative Elementary Volume) is large enough. However, it may be difficult to quantify what size of REV is sufficient; see [29] for related work on elasticity. In this work we are motivated by work in [2] for porous media which does not require periodic geometry.
The idea to connect porescale and lab scale models for porous media flow is via averaging and identification U = u V , P = p V . (Here we define local average over
This was first formalized by Tartar in [30] who connected the Stokes model to Darcy model (2.3) via homogenization theory [31, 32] ; the values of K computed by homogenization reflect the geometry of porescale Ω F .
In the nonlinear laminar regime with significant inertia, the connection between Navier-Stokes equations at porescale (2.2) and non-Darcy model (2.4) was considered by many authors [23, 24, 26, 27, 33] ; there exist controversies as concerns the mathematical form of (2.4).
In this paper we explore computational upscaling from porescale to lab scale, i.e., we use approximate solutions u h , p h at porescale and their averages U H ≈ u h V , P H ≈ p V over volumes V of |V | = O(H) in order to identify terms in a discrete counterpart of (2.5). In the process, we compute the coefficients K, β parametrizing K in (2.5).
3.1. Computational models for porescale. In this paper we use an algorithm solving Navier-Stokes equations for u h , p h which can be used in complex pore geometries with fine grids; it is based on finite-volume discretization [34, 35, 14] on staggered grids. The implementation is under ANSYS FLUENT software which sets an industry standard in computational fluid dynamics [35, 34] ; general unstructured grids can be used in 2D and 3D. The algorithm is convergent with rate O(h) in both unknowns. See Section 4 for results.
We note that in [1] we considered additionally another algorithm in (ω h , ψ h ) formulation which can be easily adapted to interpret data from porescale imaging [7] and is nicely enhanced by treatment of boundary conditions and post-processing. See also [14, 36] for other algorithms.
Computational model at Darcy scale.
Our approach is to identify the averages of porescale solutions u h , p h with some discrete values U H , P H at Darcy scale. Strictly speaking, we do not pursue any further computations at that scale; however, these may be considered as future elements of the computational laboratory.
Therefore, we choose a computational grid and discretization at mesoscale. Our approach is inspired by the conservative cell-centered finite difference (CCFD) method and it provides a bridge to macroscale following [9] in which non-Darcy flow was discretized for diagonal K and K. Low-order conservative methods have been very popular in computational models of subsurface for decades [37, 38] ; the CCFD method is equivalent to lowest order Mixed Finite Element method on rectangles [38, 39] . CCFD is known to converge with order O(H) in both the pressure and velocity variables; extensions to nonrectangular grids and superconvergence results for smooth solutions and grids are also known, see, e.g., [39] for more references.
Consider then a rectangular grid over Ω; cell centers are associated with pressure unknowns P H and cell edges are associated with degrees of freedom of (piecewise linear) velocity unknowns U H . The discretization of (2.3) depends on whether K is a diagonal or a full tensor [39] and is associated, respectively, with a 5-or 9-point stencil in 2D (7-or 19-in 3D, respectively).
In this work we are interested in upscaling from microscale and do not need 3.3 Upscaling to find K to employ the 9−point stencil but rather follow some ideas from homogenization as applied to mesoscale upscaling in porous media in [2] . We describe them now. 
An analogous equation U BT = K 22 G BT can be written if the flow direction is aligned with e 2 and Ω 0 = Ω B ∪ Ω T .
The values of K 11 and K 22 must be computed from separate flow experiments with global flow direction U aligned with e 1 and e 2 , respectively. In a way, this case is similar to using Dirichlet boundary conditions in [2] .
3.3.2.
Computing full tensor K. Now consider a full tensor K, i.e., the macrocell grid is not aligned with its principal directions. To determine K, we follow loosely the ideas from [2] . We use an ansatz
To compute K, we match U = u Ω0 to K∇P . That is, we need ∇P .
In [2] the value ∇P is prescribed from boundary conditions; the periodicity is imposed on velocity and on almost all pressure unknowns. In our case, the flow is of Navier-Stokes type at porescale and this is not directly possible; instead, we design (computational) flow experiments so that ∇P is easy to find. Now we divide the macrocell Ω 0 into four cells Ω k , k = 1, . . . 4 arranged as in Next we find, for each j, the linear approximation (3.2). We define
To determine the components of the gradient ∇P j , we combine the cell averages of By matching U j = −K∇P j we obtain (compare with (3.1))
Collecting the results for two experiments j = 1, 2 we have
This system is square; it is singular only if
BT . This can only happen if the flow directions in experiments j = 1, 2 are parallel; by design we ensure that they are close to orthogonal. In the case when U
, when flow directions are parallel to e 1 , e 2 , the system degenerates to the formulas in Section 3.3.1.
Note that we do not impose symmetry K 12 = K 21 which is a fundamental property of the tensor K. Rather, we verify whether K is symmetric as a measure of quality of numerical experiments.
Remark 3.1. One can design more than two experiments and collect (3.3) for all j = 1, 2, . . .. However, an analogue of (3.4) will be overdetermined and a leastsquares fit is necessary to calculate the entries of K. Intiuitively, more experiments would give more accurate information. Due to the presence of many small quantities, numerical instabilities lead however to inaccurate values of K. In practice, (3.4) for two orthogonal experiments gives better results than a least-squares fit.
The procedure described above allows us to find K. Results in Section 4 show that K remains essentially constant for a large range of flow rates. However, beginning at some u in we observe the onset of the nonlinear regime, i.e., that K or rather K, start decreasing, as predicted by nonlinear non-Darcy model (2.4). In other words, the resistance K −1 increases with increasing Re. This qualitative observation is fundamental and is consistent with one in upscaling from mesoscale to macroscale [9] .
Below we discuss a quantitative model for K −1 .
3.4.
Upscaling porescale results to non-Darcy model. Above we showed how to compute K for any Re. Now we fit the values of K obtained for moderate Re to the non-Darcy flow model (2.5), i.e., we calculate the coefficients K and β.
Since for small Re, the resistance K −1 reduces to K −1 as in (2.3), we set K = K obtained for small u in . Given K and the values of K, U we find β by inverse modeling from (2.5). Clearly, if the model for K is valid and the computational algorithm is successful, then the values of β should remain reasonably constant throughout the nonlinear laminar regime; this was confirmed first in [1] .
With the methodology established, in the next section we are concerned with its stability and convergence with respect to h, the size of REV (H), the choice of REV, and the principal values and axes of K.
4. Results. Our expectations are that the combination of porescale computations and of upscaling delivers values of K ≡ K(K, β) which are stable and convergent with respect to h and H, regardless of the direction of porescale flow or mesoscale grids. Below we address these expectations.
The convergence of upscaled K h,H which is a ratio of averages of p h , U h over a region of size H should be considered in view of the following simple observations.
Note that the averages p h , U h are linear quantities of interest [40] but the values of K h,H are not. At the same time, as reported in [3] for upscaling from mesoscale to macroscale, the values of K h,H , for fixed H, appear to monotonically converge with h to the true values. we use up to four levels of grid refinement. The regions Ω 0 ⊂ Ω are always chosen away from inlet and outlet. Unless otherwise specified, we denote the error in the quantity q ∈ R by E(q) := |q − q h |. If the value of q is not known, we estimate it by using the finest stable grid solution or by Richards extrapolation. [11, 13] ; geometry is shown in Figure 4 .1, with ratio of radius to the width of the channel equal 0.7. This domain can be seen as a small cutout of the porescale geometry. considered range of values of h, and finer grids are impractical (see number of cells shown). We believe this is because this is a hard case of a converging-diverging flow with flow separation and vortices occuring at higher Reynolds numbers [13, 11, 12] . 4.1.3. Synthetic porous medium. Now we consider a case similar to synthetic porous medium. Compared to the previous two cases, the geometry of Ω F , see Results in this section concern an isotropic case in which the geometry of the Table 4 .3 Values of K 11,h and convergence rate with h for a synthetic isotropic porous medium porous grains is perfectly aligned with the directions of the flow; see Figure 4 .3 (A). We can compute K h,H using a special diagonal tensor algorithm from Section 3.3.1 or the general algorithm from Section 3.3.2. The latter delivers all values of K 11 , K 12 , K 21 , K 22 which are shown in Table 4 .2 and in Figure 4 .2. We expect K 11 ≈ K 22 and that K 12 ≈ K 21 ≈ 0. This is confirmed in our results. Moreover, the results indicate monotone convergence of K h in h at a rate higher than expected.
Poiseuille test case. This is a standard
In addition, comparing the values of K for the geometry in Figure 4 .3 A) with the one in B), as shown in Figure 4 .2, we see that the latter ones are more stable.
While it is somewhat easier in computational experiments to impose global flow over a synthetic domain to go from left to right or bottom to top, one actually obtains consistently better results with global flow patterns imposed at an angle to the principal directions of K. This is likely caused by the relative lack of boundary layer formation when no "channels" from left to right (or bottom to top) can form. (1,1); U 2 =(1,-1 H. We believe that the sample of REV sizes used in our computations is too small to adress this issue; we will take it up in future work. Table 4 .4 Results of fitting the upscaled resistance values K −1 to K −1 + β|U| α in Forchheimer model (2.5). We find that α ≈ 1 for coarse grids and that the values of β computed as a fit with α = 1 are reasonably stable. In addition, we show the fit in the diagonal model in which |U| is replaced by |U 1 |.
We show the values of α, β in Table 4 .4. The results show that the fit is not linear when u h , p h are resolved on a fine grid. However, it is close to linear for coarse grids and a smaller range of flow rates (not reported).
We conclude that more studies are needed here, and we leave this and a discussion of appropriate anisotropic inertia model for future considerations. However, we found that more work is needed to identify the appropriate inertia model at Darcy scale especially in anisotropic geometries; this observation is not disjoint from controversies that exist about that model. In addition, for the model to become part of an "on-demand" computational laboratory, it has to deliver, e.g., the values of K, β in a few minutes. Currently, the computational complexity is as follows. A set of j = 1, 2 experiments for geometry as in, e.g., Section 4. 
